A systematic convolutional encoder of rate (n − 1)/n and maximum degree D generates a code of free distance at most D = D + 2 and, at best, a column distance profile (CDP) of [2, 3, . . . , D]. A code is Maximum Distance Separable (MDS) if it possesses this CDP. Applied on a communication channel over which packets are transmitted sequentially and which loses (erases) packets randomly, such a code allows the recovery from any pattern of j erasures in the first j n-packet blocks for j < D, with a delay of at most j blocks counting from the first erasure. This paper addresses the problem of finding the largest D for which a systematic rate (n − 1)/n code over GF(2 m ) exists, for given n and m. In particular, constructions for rates (2 m − 1)/2 m and (2 m−1 − 1)/2 m−1 are presented which provide optimum values of D equal to 3 and 4, respectively. A search algorithm is also developed, which produces new codes for D for field sizes 2 m ≤ 2 14 . Using a complete search version of the algorithm, the maximum value of D, and codes that achieve it, are determined for all code rates ≥ 1/2 and every field size GF(2 m ) for m ≤ 5 (and for some rates for m = 6).
I. INTRODUCTION 1 In many practical communication applications, such as multimedia transmission over packet erasure channels, on-time delivery is an important quality-of-service criterion. Traditional ARQ systems, for example the one used by TCP for transport layer unicast service, suffer from long delays due to erasures when the round-trip time is large. This has led to an increased interest in the design and analysis of systems based on packet-level error correcting codes. Such coded schemes are also known to be beneficial in other transport layer models, for example in the multi-path case.
Two main approaches to this coding problem have been discussed in the literature. The deterministic approach [1] , [2] , [3] is to send packets using a fixed 2 m -ary convolutional code with a good column distance profile. This approach is discussed in Subsection II-B. Random coding was proposed as a solution in [4] , [5] . In these schemes, the sender transmits k uncoded information packets, followed by n − k parity check packets formed by random linear combinations of all information packets that have not been acknowledged by the receiver so far. Subsection II-C describes this approach, and also discusses a hybrid approach that combines deterministic and random coding.
A. Contributions
We present new codes in Section III. In Section III-A we present two new, general, and optimum constructions of MDS convolutional codes. In the literature, there exist only a few general constructions of high-rate convolutional codes: As far as we know, only the Wyner-Ash code [6] and their binary generalizations ( [7] , and Thms. 7.10 and 7.13 in [8] ). We present a simple (but as far as we can see, not previously described in the literature) distance-3 construction. This code has the same rate and Viterbi complexity as the binary Wyner-Ash code, but has a better column distance profile. We also present a much more interesting algebraic distance-4 construction in Proposition 3. In Section III-B we describe a search algorithm and in Section III-C we present the codes found by the algorithm. For most parameters, these codes are better (in a sense which will be made more precise) than previously known codes. Further, we present simple upper bounds in Section IV.
By convention we will call a convolutional code systematic if is it has a systematic encoder; i.e. one that preserves all information symbols and obtains redundancy by extra parity symbols. 2 m -ary systematic rate (n − 1)/n convolutional encoders are useful in order to obtain fast recovery of packet erasures in the common case of channels with moderate erasure rates, and we will focus only on this class of codes.
II. BACKGROUND A. Notation
For a thorough introduction to convolutional codes, please see [9] . In the following we will describe the concept of a 2 m -ary MDS convolutional code in a way which is convenient for our purposes in this paper.
Let m ≥ 1, n ≥ 2, k = n − 1 be integers, F = GF(2 m ), and define the matrices and vectors R 0 = (r 0,1 , . . . , r 0,k ) ∈ F k where F k is the k-dimensional space of row vectors over F,
where F r×c denotes the space of matrices with r rows and c columns over F. For i > 1 define
and, for an integer L ≥ 2, let
where 0 r×c is all-zero matrix with r rows and c columns. Then H (L) is the parity check matrix for the Lth truncated block code C (L) of a (systematic) convolutional code C , thus any vector of length (l + 1)n for l ≤ L,
n , v
1 , . . . , v
n , . . . , v
is a codeword in C (l) if and only if the syndrome
A systematic encoder for the code C (L) is represented by
where G 0 = (I k |R 0 ) ∈ F k×n , G i = (0 k |R i ) ∈ F k×n for i > 0, and I k and 0 k are the k ×k identity and zero matrices, respectively. It is straightforward to verify that G (L) ×H (L) = 0 k(L+1)×(L+1) . 
define a truncated code C (2) , which is rate 6/9 block code over F. Note that the matrices are completely determined by the parity check coefficients r i, j , i = 0, . . . , L, j = 1, . . . , k.
In the conventional polynomial notation of convolutional codes [9] , the parity check matrix can be described as
In Example 1, H(x) = (1 + x + α 3 x 2 , 1 + αx + x 2 , 1). Similarly, the corresponding polynomial generator matrix is
B. MDS convolutional codes constructed from superregular matrices
In the deterministic approach [1] , [2] , [3] , the goal is to design codes with an optimum column distance profile, which we will define below.
The l-th column distance d l = d l (C ) of a convolutional code C is the minimum Hamming weight of any truncated codeword [c] l with the first block (c
n ) nonzero, and the column distance profile (CDP) is the non-decreasing sequence
, where D is the free distance of the code and D is the index for which the CDP reaches D. The CDP was originally studied for its significance on the performance of sequential decoding (please see Ch. 13 of [9] .) Recently the CDP has received renewed attention in the context of 2 m -ary codes, due to its importance for fast recovery from losses of symbols in an erasure channel.
Recall that we consider only convolutional codes of rate k/n = (n − 1)/n that have a systematic encoder. In this case, by the Singleton bound for truncated block codes, d 0 ≤ 2, and by similar linear algebra arguments,
So the best column distance profile one can hope to find in a code with a systematic encoder is
By an MDS convolutional code, in this paper we will mean a code with a CDP as in (3).
Remark 1. The concept of Strongly-MDS codes was introduced in [2] . This concept takes into account that for some codes that do not possess a systematic encoder, the free distance may grow beyond δ + 2, where δ is the memory of a minimal encoder. In order not to complicate the notation, and since Viterbi complexity is not an issue in this paper, we omit the details.
Definition 1. Consider a lower triangular matrix
where each element r i ∈ F. Consider a square submatrix P of size p of SR, formed by the entries of SR in the rows with indices 1 ≤ i 1 < i 2 < · · · < i p ≤ (L + 1) and columns of indices 1 ≤ j 1 < · · · < j p ≤ (L + 1). P, and its corresponding minor, are proper if j l ≤ i l for all l ∈ {1, . . . , p}.
SR is superregular if all its proper p × p minors are non singular for any p ≤ L + 1.
When matrix SR is upper triangular the definition of proper submatrices is analogous.
A γ × γ superregular matrix can be used to construct a rate 1/2 code in two ways: (1) [1] a systematic MDS convolutional code with CDP as in (3) with D = D + 2 = γ + 1, (2) [2] when γ = 2δ + 1, a strongly-MDS code (in general nonsystematic) with a parity check matrix of max degree δ and the same CDP as for the systematic codes in case (1) .
While superregular matrices are known to exist for all dimensions if the field is large enough, general efficient constructions are not known, and for γ 10 the minimum field size for which a γ × γ superregular matrix exists is not known. Another problem with the deterministic approach is that the existing design methods do not allow a simple construction of codes of high rate and/or high degree. Codes of higher rates (which are desirable in many practical cases) can also be constructed from these superregular matrices, but this involves deleting columns, so that the conditions on a superregular matrix are too strict. This means that in practice only simple codes can be constructed in this way. Since superregular matrices are so hard to construct, the reduction to the superregular matrix problem blocks the code construction. Therefore we generalize Definition 1 as follows: Definition 2. Consider an s-lower triangular matrix (where s is a positive integer)
Consider a square submatrix P of size p of SSR, formed by the entries of SSR in the rows with indices 1 ≤ i 1 < i 2 < · · · < i p ≤ (L + 1) and columns of indices 1 ≤ j 1 < · · · < j p ≤ s(L + 1). P, and its corresponding minor, are proper if j l ≤ s · i l for all l ∈ {1, . . . , p}.
The matrix SSR is called s-superregular iff all of its proper p × p minors, for any p ≤ L + 1, are nonsingular. The following lemma is a restatement of Theorem 1 in [1] , using the terminology of this section. Lemma 1. Let H (D) be the parity check matrix of the D − th truncation of a systematic convolutional code, given by
and let H (D) be the matrix obtained from H (D) by removing the columns in positions Definition 3. Let ∆(2 m , n) be the largest free distance D such that there exists a rate (n − 1)/n systematic MDS convolutional code over GF(2 m ) with column distance profile as in (3) .
The main problem that we address in this paper is to determine exact values, or constructive lower bounds, for ∆(2 m , n). Please note that there is no restriction of the degree D in Definition 3.
There are few known code constructions in the literature, beyond those based on superregular matrices. Table I contains the current world records with respect to rate (n − 1)/n MDS codes, to the best of our knowledge. We will describe new codes in Section III.
Although this paper focuses on rate (n − 1)/n MDS codes, we observe that the following lemma, that follows directly from Theorem 2 in [1] , implies that our results will also provide rate 1/n MDS codes.
Lemma 2. If a systematic rate (n − 1)/n MDS code of memory D and free distance D + 2 exists, then its dual code is equivalent to a systematic rate 1/n MDS code of memory D and free distance (n − 1)(D + 1) + 1.
C. Random convolutional codes
In the terminology of this paper, the random approach [4] , [5] consists of selecting the coefficients of r i j independently at random. The advantage of this is that one can pick codes with large degrees, and that over large fields the expected performance is "reasonably good", although the exact loss compared to optimum average performance or optimum guaranteed worst case performance remains to be determined.
Coefficients need to be transmitted in the headers of the data packets, but this represents only a small rate loss when large packets are transmitted. Proposition 1. Consider a hybrid scheme where the first blocks of coefficients r i, j (until time i = D) are selected fixed, and subsequent random coefficients r i, j for i > D are selected at random. Thus the parity check equation will be on the form
where
and
where all R i, j are nonzero randomly selected coefficients and where the degree of the random polynomials does not need to be fixed (except by the application protocol). Then the initial CDP (until time D) is not affected by the random part of the code construction.
Proof. Obvious: Only the first component H CDP (x) of the parity check matrix determines the initial part of the CDP.
Our suggestion is to use such hybrid codes, i. e. codes where the terms of degree 0, . . . , D of the parity check polynomials are preselected constants yielding an optimum initial column distance profile, while subsequent random parity checks are added as needed. This guarantees optimum recovery for the simplest and most likely erasure patterns, and hence better performance than random codes for light to moderate erasure patterns, while still allowing the degree to grow if required by the application.
III. NEW CODES
Gluesing-Luerssen et. al. [2] use superregular matrices to design codes. However, the authors also give examples of codes that are better than the ones constructed from superregular matrices, and note that "..the abundance of (small) examples suggests that such a construction might be possible and might lead to smaller alphabets for given parameters than the construction ,[...] We will leave this as an open question for future research."
So here comes the future research. In this section we present constructions and a new search algorithm that, in combination, improve our knowledge of ∆(2 m , n) for almost all sets of parameters, with respect to what we find in the literature.
A. Codes with free distance D ∈ {3, 4}
We present two optimum constructions, for D ∈ {3, 4}. For D = 3 the construction is simple, but we have not seen it presented in prior literature.
We have tacitly assumed the following fact for the constant terms. Here comes the justification.
Lemma 3. We can w.l.o.g assume r 0,1 = · · · = r 0,n = 1.
Proof.
If there is a r 0, j equal to zero, then d 0 < 2. We don't want that. Then assume some nonzero r 0, j = 1. If we multiply the corresponding column of G (D) by r −1 0, j , we obtain a new code with the same CDP and weight structure. Proposition 2. ∆(q m , q m ) = 3 for q prime and m ≥ 0.
Proof. Select r 0,i = 1 and r 1,i , i = 1, . . . , q m − 1 as the q m − 1 distinct nonzero elements of GF(q m ). Without loss of generality, the parity check matrix of (1) takes the form
is q m -superregular because it is obvious that all the proper minors of sizes 1 and 2 are nonsingular. Clearly, d 0 = 2 and d 1 = 3.
Remark 2.
It is instructive to compare the construction of Proposition 2 with the binary Wyner-Ash codes [6] . Wyner-Ash codes were considered for digital media transmission already in 1974 [10] . The Wyner-Ash code of length 4 has the binary polynomial parity check matrix
It is easy to see that the CDP of the Wyner-Ash code is 
Proof. From Lemma 1 we need H (2) to be k-superregular.
That all 1 × 1 proper minors of H (2) are non singular is equivalent to condition (i). The first type are trivially non zero, the second type are non zero when condition (i) is satisfied. The third type being nonsingular is equivalent to condition (ii), the fourth type is guaranteed to be non zero if and only if condition (iii) is satisfied and the fifth type being nonsingular is equivalent to condition (iv).
Finally, 3 × 3 proper minors can be of four different types: Proof. Let F = GF(2 m ).
(≥:) The following construction gives a code that meets the requirements: The trace function [12] is defined by
When F is regarded as an m-dimensional vector space over GF(2), the set H β is a hyperplane (an (m − 1)-dimensional linear subspace) of F. Let k = 2 m−1 − 1, select β as an arbitrary nonzero field element, select c as an arbitrary constant in F \ H β . Then select a 1 , . . . , a k := r 1,1 , . . . , r 1,k as all distinct nonzero elements in H β , and set b s := r 2,s = a s (a s + c) = r 1,s (r 1,s + c) for s = 1, . . . , k. We need to verify that this construction satisfies the conditions in Lemma 4.
The first factor is nonzero since a s = a t . The second factor is also nonzero since a s + a t ∈ H β (because H β is closed under addition) while c ∈ H β , a contradiction. (iii) Assume that a s a t = b s . Then a s a t = a s (a s + c) ⇒ a t = a s + c, a contradiction, since a t ∈ H β and a s + c ∈ H β .
which again is a product of nonzero factors, because c ∈ H β and a s + a t + a u ∈ H β , and hence nonzero.
(≤:) This follows from Theorem 1 in Section IV.
Remark 3. By Theorem 1 later, the construction in Proposition 3 is optimum not only in the sense that it offers the maximum distance 4 for the given field size and code rate, but also it offers the minimum field size for a code of the given rate and distance 4, and the maximum code rate given the field size and distance 4. Moreover, complete computer search for field sizes 2 m ≤ 32 show that the construction is unique for these parameters.
B. Computer search algorithm
The goal of the search algorithm is to select the coefficients r i, j successively, ordered first on i and then reversely on j, in such a way that the conditions on the minors are met.
1) Some useful facts: First, as for the constructions in Section III-A, we use Lemma 3 in order to set r 0,1 = · · · = r 0,k = 1. In order to simplify the search we apply the following results.
Lemma 5. We can w.l.o.g assume r 1,i < r 1,i+1 , i = 1, . . . , k − 1 for any choice of ordering <.
Lemma 6. Consider an MDS convolutional code C with polynomial parity check matrix
Then the code C c with parity check matrix
is also MDS for any c ∈ F \ {0}.
Corollary 1. If a systematic MDS convolutional code exists, we can w.l.o.g. assume that it has a parity check matrix with r 1,k = 1.
Proof. Assume that a systematic MDS convolutional code exists with a parity check matrix with r 1,k = a ∈ F. Then apply Lemma 6 with c = a −1 .
Lemma 7. Let M be a k-superregular matrix over GF(q m ), with q a prime. Raising each element of M to power q yields another k-superregular matrix.
Proof. Given any square matrix
where S n is the group of permutations of n elements and s(σ ) is the sign of each permutation σ .
Also we have (
When q is prime, q is a divisor of coefficient c(q 1 , . . . , q n ) except in the cases q i = q, q j = 0 for j = i, and this for each i ∈ {1, . . . , n}. Therefore, in characteristic q we have
Back to the definition of determinant, in characteristic q we have
Finally, s(σ ) is either 1 or -1, so in case q = 2 then s(σ ) = 1 for any σ ∈ S n , and s(σ ) 2 = s(σ ), and in case q is odd we have s(σ ) = s(σ ) q . This gives
where A •q denotes the q-th Hadamard or Schur power of A, that is, the matrix whose entries are the the entries of A raised to q.
Now it is clear that given any proper minor P of size p of matrix M in GF(q m ), P •q is the corresponding proper minor in M •q and P is nonsingular if and only if P •q is nonsingular, so M is k-superregular if and only if M •q is k-superregular. Proof. This is just the particular case for q = 2 of the Lemma above.
Hence we also have: The search can be simplified (by constant factors O((2 m − 1) n · (2 m − 1) · (n − 2)!) by use of Lemma 3, Corollary 1, and Lemma 5, respectively. Corollary 3 reduces complexity by an extra factor of approximately log 2 (2 m ) = m, but this reduction is not entirely independent of the other reductions. In summary, the search algorithm is highly exponential in complexity, but the tricks allow a deeper search than would otherwise be possible.
The search algorithm is sketched in Algorithm 1. The trickier steps are explained in some detail in Remark 4.
Remark 4.
Here we explain the steps of Algorithm 1.
(i) In essence, the algorithm runs through a search tree. At each depth of the tree, ρ points to one of the variables r i, j in (6) . Abusing notation, we will also say that ρ points to the current depth. Throughout the course of the algorithm, ρ goes back and forth along r 1,k−1 , . . . , r 1,1 , r 2,k , . . . , r 2,1 , r 3,k , . . ., i. e. along the values of the last row of (6) in reverse order starting at r 1,k−1 (since r 1,k , r 0,1 , . . . , r 0,k can be assumed to be all equal to 1 by Lemma 3 and Corollary 1.) We will in this context use the ordering "<" to refer to the reverse order of the last row of (6), and addition and subtraction on ρ moves ρ left and right, respectively, on this row. (ii) Line 3: Let ρ refer to one element r i, j in the last row of (6) . Then M ρ is the set of (formal) proper submatrices of (6) In Tables II-XIII, each row summarizes what we have discovered about rate k/n = (n − 1)/n codes. The ∆ column lists the maximum value of D for which we have found a code with CDP [2, 3, . . . , D]. The absence of a ≥ sign in this column indicates that we have established, through an exhaustive search, that this value of D is indeed maximum for this rate and field size. The Coefficients column presents one encoder that possesses this CDP, in terms of log α () of the coefficients (r 1,k , . . . , r 1,1 ), (r 2,k , . . . , r 2,1 ), (r 3,k , . . . , r 3,1 ), . . ., where α is the primitive element of the field. Note that the degree zero terms, (r 0,1 , . . . , r 0,k ) are suppressed since they are assumed to be identically 1 = α 0 . The R column contains the rareness of the code, which will be explained in Section IV-B. In the Reference column we include references in the few cases where "similar codes" (i. e. codes over the same field which have the same CDP, but that do not necessarily possess a systematic encoder) have previously been described in the literature. We do not list encoders found by the search if we also found codes with the same set of parameters (rate, CDP) over a smaller field. Also, due to Lemma 8, we do not list codes of rate (n − 2)/(n − 1) if there exist codes of rate (n − 1)/n with the same CDP: Example 3. According to Table III, for the finite field GF(2 4 ) defined by 1+α +α 4 = 0, there exists a systematic code of rate 2/3 and with CDP= [2, 3, 4, 5] . An example of such a code is represented by (r 1,2 , r 1,1 ), (r 2,2 , r 2,1 ), (r 3,2 , r 3,1 
, and (implicitly) (r 0,1 , . . . , r 0,k ) =(1, . . . , 1) . Thus the code has a polynomial parity check matrix
and encoder/generator matrix
Obviously, G(x)H(x) = (0, 0). The absence of a ≥ symbol in the ∆ column in Table III indicates that a complete search of all systematic MDS codes of rate 2/3 reveals that D = 5 is maximum. The R column, as will be explained later, indicates that one in seventy random assignments of nonzero values for (r 1,1 , r 1,2 ), (r 2,1 , r 2,2 ), (r 3,1 , r 3,2 ) will give a code with the same CDP, i. e. codes with these parameters are not very rare. A nonsystematic code over GF(2 4 ) with degree δ = 2 and CDP= [2, 3, 4, 5] was presented in [2] .
IV. UPPER BOUNDS AND CODE ASSESSMENT
It would be useful to determine upper bounds on ∆(q m , n) in order to assess how good the codes from random search are with respect to optimum. The Heller bound [13] relates convolutional codes with a given free distance D with its truncated block codes, and uses known bounds on block codes to determine convolutional code parameters that cannot be achieved. Unfortunately the Heller bound is of limited use in our case, since the truncated code will actually have a much lower minimum distance than D when viewed as a block code, and also since exact bounds on block codes in the range of parameters that we are interested in here are not well known. Moreover, the approach of sphere packing for binary codes [14] cannot be easily adapted to the current case, since the structure of optimum nonbinary codes turns out to be quite different from that of optimum binary codes 2 .
A simple bound is described in the next subsection. In Subsection IV-B we present an alternative way of describing how great our codes are, through the concept of rareness. 
A. A simple bound
The following simple bound is tight for D ≤ 4. = r 1,s + r 1,t , r 1,s r 1,t r 2,s r 2,t = r 1,s r 2,t + r 1,t r 2,s , and r 1,s 1 r 2,s r 1,t = r 2,s + r 1,s r 1,t .
From the conditions on the 2 × 2 proper minors, since all those minors have to be nonzero, it follows that in order to have D > 3, the values in the sets {r 1,1 , . . . , r 1,k } and {r 2,1 /r 1,1 , . . . , r 2,k /r 1,k } must be 2k distinct values in GF(q m ) \ {0}.
Now consider a code with D > 4. Then the minors r 2,s r 2,t r 3,s r 3,t = r 2,s r 3,t + r 2,t r 3,s , r 2,s 1 r 3,s r 1,t = r 2,s r 1,t + r 3,s , and r 2,s r 1,t r 3,s r 2,t = r 2,s r 2,t + r 1,t r 3,s .
Again they all have to be nonzero, and this implies that the set {r 3,1 /r 2,1 , . . . , r 3,k /r 2,k } is a new set of k different values, and they are all different from the values in the sets {r 1,1 , . . . , r 1,k } and {r 2,1 /r 1,1 , . . . , r 2,k /r 1,k }. So in order to have D ≥ 5 we need to have at least 3k different non zero elements in the field.
Generalizing the argument, it follows that all r i,t /r i−1,t for 1 ≤ i ≤ D − 2, 1 ≤ t ≤ k are distinct nonzero values.
B. Rareness
In this section we address the probability that a randomly generated convolutional code over GF(2 m ) of rate (n − 1)/n will be an MDS code with CDP of [2, . . . , D]. By "randomly generated" code we will mean one generated by a random systematic encoder, where each coding coefficient r i, j is selected independently and uniformly in GF(2 m ) \ {0}. We define this probability as the rareness of the parameter pair (n, D).
For small values of n and D, the exact value of the rareness can be determined as a by-product of a complete code search. Since for large parameters it quickly becomes intractable to determine the best codes, it also quickly turns difficult to compute exact results for rareness. However, it is possible to obtain estimates of rareness, as described below.
First assume that a complete search is applied. This will determine the set G (ρ  *  , n, m) of distinct sequences r 1,k−1 , . . . , r 1,1 ,  r 2,k , . . . , ρ * over GF(2 m ) for which all proper submatrices in M ρ , ρ ≤ ρ * are nonsingular. Thus the probability that a given randomly selected sequence corresponds to a path in the search tree that satisfies the conditions at depth ρ * is
For |ρ * | > 1, define
where Avg() is the average computed over the complete search. P R (ρ * , n, m|ρ * − 1) is the average conditional probability that a random generator which satisfies depth ρ * − 1 in the search tree also satisfies depth ρ * . For large parameters we are not able to carry out a complete search. However, we can perform deep but incomplete searches, which also provide estimates of the conditional probabilities P R (ρ * , n, m|ρ * − 1) in (10) as . These estimates will be quite accurate especially for the first depths, and hence they can be changed together to obtain an estimate for P R (ρ * , n, m). As long as there is a substantial number of different search tree paths leading to depth ρ * − 1, the estimate P R (ρ * , n, m|ρ * − 1) should be reasonably good. Hence we can also estimate P R (ρ * , n, m|ρ * − 1)) asP
whereÃ vg() is the (weighted) average computed over the incomplete search, and we can then estimate P R (ρ * , n, m) as
In Tables II-XIII, we include the exact rareness in cases where we can perform a complete search, and otherwise we include the estimate. We concede that this approach is not foolproof. For example, the construction in Proposition 3, is unique at least for field sizes up to 32. For other choices for the first layer of coefficients r 1,1 , . . . , r 1,2 m−1 than indicated in the proof of Proposition 3, it appears that the search tree ends up being considerably shallower. The rareness of the construction in Proposition 3, i. e. the probability that a random sequence will match that construction exactly, is 2 m−1 · (2 m−1 − 1)!/(2 m − 1) 2 m −3 . Already for m = 5 the rareness is about 10 −30 , for m = 8 less than 10 −393 . Hence, if for an arbitrary set of search parameters there exists a very rare construction that is not caught by the incomplete search, the estimates for the deepest values of ρ * may be unprecise. However, we do believe that our estimates of P R (ρ * , n, m) provide some intuition about the difficulty of reaching a certain depth in the search tree with a random path, and in the cases where we are able to carry out a complete search, we also note that the estimates as described here are pretty accurate with a modest non-exhaustive search effort. Figure 1 contains exact values (for n = 2, 3) and estimates (for n = 4, 7) of P R (ρ * , n, 6). Please see the figure caption for explanations. We have also include rareness estimates in Tables II-XIII. 
V. CONCLUSION AND OPEN PROBLEMS
Motivated by the practical problem of fast recovery of a coded packet-erasure channel, we have studied systematic MDS convolutional codes over GF(2 m ). We have characterized them in terms of k-superregularity of a certain matrix. We have presented new optimum constructions for free distances D ≤ 4, tables of new codes found by computer search, and a combinatorial upper bound which is tight in the case of small free distances. In order to assess how "good" a code is, we have also introduced the concept of rareness.
It would be interesting to establish upper bounds that are tight also for larger free distances. Another issue would be to study whether there exist general algebraic constructions, similar to the one in Proposition 3, for systematic MDS codes of free distance D ≥ 5.
It would also be of some theoretical interest to optimize the CDP of strongly-MDS codes over GF(2 m ) under an additional constraint on the degree δ of their minimal encoders. We have not considered this problem since the complexity of Viterbi decoding of such codes is prohibitive for all but small values of the product m · δ (and since it seems difficult). 10 −18 log 10 ( random code is MDS) Figure 1 . Rareness P R (ρ, n, 6) of codes for GF(64) for n ∈ {2, 3, 4, 7}: Exact rareness P R (ρ, n, 6) for ρ ≤ 7, estimatesP R (ρ, n, 6) for n > 7. In the figure, the search depth ρ is measured in terms of number of coefficients. In order to construct a rate 6/7 encoder of distance D = 5, it is necessary to find a sequence of 17 coefficients r 1,5 , . . . , r 1,1 , r 2,6 , . . . , r 3,1 . To get an encoder with distance D = 4, it suffices with 11 coefficients. Similar for the other cases.
In what follows we will use the same name for a square submatrix and for the corresponding minor since it will create no confusion. Now we start the proof. 1) Assume that the CDP is
In particular d 0 = 2 implies that all the entries r 0, j for j ∈ C 1 are non zero. Let M be a proper minor of H (D) of size p × p formed by the entries of H (D) in rows with indices 1 ≤ i 1 < i 2 < · · · < i p ≤ s + 1 and columns with indices 1
Since M is proper we have j l ≤ ki l for l = 1, . . . , p. Let F = {i 1 , . . . , i p } be the set of row indices in M . From M we construct a (D + 1) × (D + 1) minor M in H (D) by doing the following:
• The row indices are {1, . . . , D + 1}.
• For each s ∈ {1, . . . , D + 1} we define the column index j s as follows: -If s ∈ F then there exists a unique l(s) ∈ {1, . . . , p} such that i l(s) = s (note that l(s) ≤ s). Considering the corresponding column index in M we have j l(s) = q l(s) k + r l(s) with 0 ≤ q l(s) ≤ D and 1 ≤ r l(s) ≤ k unique. (We note that l is an increasing function of s and also that j l(s) ≤ ki l(s) = ks, which implies q l(s) < s). Then define j s = q l(s) (k +1)+r l(s) . Clearly j l(s) ∈ C q l(s) +1 and j l(s) ∈ C q l(s) +1 and actually the corresponding columns are identical.
, so the corresponding column is the last in the block with column indices C s . Let us note that 1 ≤ j 1 , . . . , j D+1 ≤ (D + 1)(k + 1) but those column indices are not guaranteed to be ordered in increasing order as the j s were. The added columns will form a submatrix which is I D+1−p in the rows that were not in F , and we have
therefore the value of minor M is the same as the value of M and in order to see that H (D) is k-superregular we just need to check that M = 0. We will proceed in a recursive way using that each s-th truncation will provide minimum distance d s = s + 2 for each s ≤ D.
• M has at least one column index in C 1 . Proof: If there are no columns in C 1 it means that 1 ∈ F (otherwise j 1 = 1(k + 1), which is in C 1 , would be in M). 1 ∈ F implies i 1 = 1, hence l(1) = 1 and j 1 ≤ ki 1 = k, that is, j 1 = 0 · k + r 1 , and j 1 = 0(k + 1) + r 1 < (k + 1). This means j 1 ∈ C 1 which would contradict the assumption. • If M has at least two columns in C 1 . Suppose that s is the first index for which we have that at least two columns of M are in C 1 , at least 3 are in C 1 ∪C 2 , . . . , at least s + 1 columns are in C 1 ∪C 2 ∪ · · · ∪C s but there are no s + 2 columns in C 1 ∪C 2 ∪ · · · ∪C s ∪C s+1 . This clearly implies that there are no column of M in C s+1 . Now let us consider each t ∈ {1, . . . , s + 1}.
-If t ∈ F there exists l(t) ≤ t ≤ s + 1 such that i l(t) = t. j l(t) = q l(t) k + r l(t) ≤ ki l(t) = kt, therefore q l(t) ≤ t − 1, and from here j t = q l(t) (k + 1) + r l(t) ≤ (t − 1)(k + 1) + r l(t) . So j t ∈ C 1 ∪C 2 ∪ · · · ∪C t ⊆ C 1 ∪C 2 ∪ · · · ∪C s+1 , but it cannot be in C s+1 , then j t ∈ C 1 ∪C 2 ∪ · · · ∪C s . -If t / ∈ F . Note that in this case t ≤ s since s + 1 / ∈ F implies column (s + 1)(k + 1) is in M and in C s+1 , contradicting that there were no columns in C s+1 Then j t = t(k + 1) ∈ C 1 ∪C 2 ∪ · · · ∪C s . We have proven that even though indices j 1 , . . . j s+1 are not ordered in increasing order, we have that they are all in C 1 ∪C 2 ∪ · · · ∪C s . On the other hand, index j s+2 / ∈ C 1 ∪C 2 ∪ · · · ∪C s+1 . Hence, M can be decomposed as
where M 1...s+1 is the part of M corresponding to the first s + 1 rows and columns and we have proven it is contained in the submatrix of H (D) formed by the first s + 1 rows and the first (s + 1)(k + 1) columns, which actually is H (s) and it is guaranteed to be non zero because d s = s + 2 and the minor satisfies the condition that it has at least 2 columns among the first k + 1 columns of H (s) , at least three among the first 2(k + 1), . . ., and at least s + 1 among the first s(k + 1). Minor M s+2...D+1 is formed by the last D − s rows and columns of M and it is contained in the submatrix of H (D) formed by the last D − s rows and the last (D − s)(k + 1) columns, which is H (D−s−1) and the same argument used so far can be used to prove that is is non zero by decomposing it further into blocks; each of them nonzero. Finally, we can note that M will have at most one column index in C D+1 . Having at least two would imply that M has also at least two columns in C D+1 and this would contradict the condition of M being proper since i p−1 ≤ D, j p−1 ∈ C D+1 implies j p−1 ≥ kD + 1 > kD = ki p−1 . With a careful analysis similar to the one done in the reciprocal part of the proof, one can prove that M is a proper minor in H (D) and hence non zero. For this we will continue using the same notations as in the demonstration of the reverse.
2) Suppose now that H
Consider that the rows remaining in M are 1 ≤ i 1 < i 2 < · · · i p = D + 1. We call this set of indices F as before. The other rows correspond to the identity columns that have been suppressed. The corresponding column indices in M are 1 ≤ j 1 < j 2 < · · · < j D+1 , and each of those columns j t is a copy of a column j f (t) in M and it is clear that j f (t) ∈ C b(t) for some b(t) ≤ D + 1, implies j t ∈ C b(t) . Using the same notations as in the other part of the proof, if j f (t) = q f (t) (k + 1) + r f (t) with 0 ≤ q f (t) ≤ D and 1 ≤ r f (t) ≤ k, then j t = q f (t) k + r f (t) , so they will be in the same block of column indices; b(t) = q f (t) + 1. Note that r(t) ≤ k since column indices that are multiples of k + 1 will be removed and will never turn into columns in M .
• First we observe that i p = D + 1 because there were no columns of M in the block with indices in C D+1 , hence the last column of I D+1 cannot be removed (it was never there) and row D + 1 remains in F . The corresponding column j p will be a copy of some column j f (p) ≤ j D+1 ∈ C 1 ∪ · · · ∪C D , so j p ∈ C 1 ∪ · · · ∪C D , hence j p ≤ Dk < (D + 1)k ≤ i p k. So the proper condition is satisfied for the last index. • A final observation is that j 1 is always in block C 1 (because block C 1 contained at least two columns of M, so even is one is removed there will always be at least one column remaining in that first block. On the other hand i 1 ≥ 1 and we have j 1 ≤ k ≤ ki 1 . The first and last observations are not necessary but they help to understand the general case. We have proven that minor M is proper and therefore cannot be singular.
